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Abstract

We find sufficient conditions for the components of an SU(2) connection to form a hypercontact
structure. The hypercontact structure obtained depends canonically on the connection. The result
implies that the components of any 1-(anti) instanton form a hypercontact structure on S’ .
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1. Introduction

This paper is a complement to [4]. We construct here a canonical hypercontact structure
underlying any l-(anti) instanton. We also show that Geiges—Thomas remark that the basic
instanton yields a hypercontact structure can be obtained as a consequence of the “hyper”
Tashiro construction.

The notion of hypercontact structure was recently coined by Geiges and Thomas [9]; it
generalizes the notion of 3-Sasakian structures, which have been known for a couple of
decades, see for instance [12]. For a recent extensive study of 3-Sasakian structures, we
refer to [5,6]. These structures are the odd versions of hyperkaehler structures. We refer
to [2] for a short but deep introduction to hyperkaehler manifolds which have been known
for some decades as well, but only regained interest after the discovery of their connection
with gauge theory and supersymmetry in mathematical physics [11]. Recently Geiges and
Thomas pointed out a connection between hypercontact structures and gauge theory.
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An instanton is an (anti) self-dual connection of an SU(2) bundle over the 4-dimensional
sphere $%. Such an instanton is determined, up to a gauge transformation by an integer, the
instanton number. We call “k-instantons” those which correspond to the integer k. Geiges
and Thomas proved that the components of the basic 1-(anti) instanton form a hypercontact
structure on S’ [8].

The starting point of the research reported here was an attempt to find a direct proof of
that fact. In Section 3, we give such a proof. It is a consequence of the “hyper” version of
the Tashiro construction [3]. In [4], we extended, supplemented and formalized Geiges—
Thomas arguments into a theorem asserting that the components of any 1-(anti) instanton
are contact forms. Here, we prove that actually they form a hypercontact structure. The
underlying contact structure depends canonically on the instanton. Finally, we propose here
adefinition of “hypercontact structures™ which slightly relaxes Geiges—Thomas’ and seems
more appropriate to contact geometry.

2. Hypercontact structures

Recall that a hyperkaehler structure on a riemannian manifold (M, g) is a set of three
complex structures Jy, J2, J3 such that

gOJi:gs i=1,2,3, (21)
JiJh==-DhJ =3, S =-NJ3 =, hJri=—-hhbh =7, 22)
da),‘ - 0, (23)

where w; are defined by w; (X, Y) = g(X, J;Y) for all vector fields X, Y.

A hyperkaehler manifold must be 4n-dimensional since its tangent space is a quaternionic
vector bundle. It comes equipped with three symplectic forms ;.

A hypercontact structure on a (4n + 3)-dimensional manifold is the analogue of a hy-
perkaehler manifold. Roughly speaking, it consists of a set of three contact forms with a
hyperkaehler structure on each fiber of the intersection of the three contact distributions.

Recall that a contact form on a (2n + 1)-dimensional manifold is a 1-form « such that
a A (da)” is everywhere non-zero. A contact structure on a (2n + 1)-dimensional manifold
M is a hyperplane field F C T M which is locally the kernel of (a locally defined) contact
form. If there is a globally defined contact form « such that Ker « = F, then the contact struc-
ture is called a contact structure in the “narrow sense” and one says it is defined by the contact
form «; the distribution F is called the contact distribution. Two contact forms « and «’ de-
fine the same contact structure if and only if there exists a nowhere zero function A such that
o’ = Ac. Problems of Mechanics deal directly with “contact forms”, while Contact Geo-
metry deals more with “contact structures”. Geiges and Thomas gave the definition of
hypercontact structures in terms of “contact forms”. We propose in this paper a definition
in terms of “‘contact structures”.
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Definition 2.1 (Geiges—Thomas [9]). A set of three contact forms {o«), 2,3} on a
(4n + 3)-dimensional manifold M is a hypercontact structure if there exists a rieman-
nian metric g, three 1-1 tensor fields ¢;, three 1-forms #; and three vector fields & on M
such that:

ni (§;) = &ij, 2.4)
0§ = €;jik, (2.5)
ni 09 = € kM, (2.6)
$i¢;(X) = =8ij X + nj (X)§i + €ijudn X, Q.7
g(X,Y) =g@iX,9:Y) + ni(X)mi (Y), (2.8)
g(X,¢Y) = da;(X,Y) (2.9)

for all vector fields X, Y.
Here ¢; jx is zero when all the symbols are not distinct, and if they are, it is equal to the
signature of the corresponding permutation of the integers 1, 2, 3. If furthermore, we have:

o =1, 2.10)
Lig =0, @11
(&, 6] = 2€iuis 2.12)
we say that {«), ag, a3} is a 3-Sasakian structure.
Remark 2.2.

(1) InEq. (2.11), L x stands for the Lie derivative and Eq. (2.11) says that the vector fields
are Killing with respect to the riemannian metric g. This is a very strong condition
which makes 3-Sasakian structures rigid. Hypercontact structures are more flexible: for
instance they admit connected sums [9].

(2) Conditions (2.7)—(2.9) say that on the intersection of the contact distribution, (¢;, g)
form hyperkaehler structures in each fiber.

(3) The definition given above is in terms of “contact forms”. We propose here to recapture
the essential notions by using “contact structures”. Perhaps it is necessary to assume
that the contact structures are defined by global contact forms.

Definition 2.3. A setof three contact structures F, F,, F3 (defined by global contact forms)

on a (4n + 3)-dimensional manifold M is said to be a hypercontact structure if:

(i) H = F) N F; N F3 is a 4n-dimensional distribution.

(ii) There exist a riemannian metric g and three endomorphisms ¢; of H satisfying the
quaternionic identities (2.2) and such that g(¢; X, ¢;Y) = g(X, Y) for all sections
X,Yof H,

(iii) For any choice of contact forms «; representing F;, there are positive functions A; such
that do; (X, Y) = A;g(X, ¢;Y) for all sections X, Y of H.

(1) This definition is independent of the choice of the contact forms «; since on the con-
tact distribution, da; defines a conformal symplectic structure depending only on the
contact structure H;.
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(2) There exist contact forms «;, defining H; such that do;(X,Y) = g(X, ¢;Y) for all
sections X, Y of H.Indeed, if o] are contact forms like in (iii), such that der/(X, Y) =
Arig(X, ¢;Y)forall sections X, Y of H, thensetting o; = (l/k,-)a,f, weget do;(X.Y) =
g(X, ¢;Y) for all sections X, Y of H.

(3) The Geiges-Thomas definition needs more assumptions. Going from our definition to
theirs will involve non-canonic choices, like an orthonormal basis of the orthogonal
complement to H, and a set of three contact forms «; representing the contact struc-
tures H; and such that do;(X,Y) = g(X, ¢;Y) for all sections X, Y of H. Assume
now the orthonormal complement V of H admits three orthonormal sections &, &, &3
and let n; be the dual forms of &;. Now extend the definition of the endomorphisms ¢;
of H by Eq. (2.5) in the Geiges-Thomas definition. It is easy to verify that with the
above choices of «;, n;, i, g, Egs. (2.4)—~(2.9) hold, so we get a hypercontact struc-
ture in the Geiges—Thomas sense. In practice, the & will be proportional to the Reeb
fields of «;.

This procedure is more geometric and constructive. We will use it in the proof of

Theorem 2.

2.1. Hypersurfaces of hypercontact type in hyperkaehler manifolds

A classical way of getting contact manifolds is to obtain them as hypersurfaces of contact
type in symplectic manifolds [16]. Let p : M — P be the inclusion of a hypersurface M into
a symplectic manifold (P, $2). If there exists a vector field V on a neigbourhood of M, which
is transverse to M, and which is a Liouville vector field, meaning that Ly £2 = A 82, for some
positive function A, then o = p* (i (V) §2) is a contact form on M such that p* 2 = (1/k) da,
where k = A o p.

Here Ly stands for the Lie derivative in the direction of the vector field V, and i(V) is
the interior product with V.

We can try to do the same with a hypersurface in a hyperkaehler manifold. The point
is that there must be a transverse vector field which is Liouville with respect to the three
symplectic forms [9].

We consider here a special case which is particularly nice: the “hyper” Tashiro construc-
tion.

First let us recall the Tashiro construction. (See for instance [3].)

Let (P, G, J) be an almost hermitian manifold: J is an almost complex structure and G
is a riemannian metric such that Go J = G. Let p : M — P be an oriented hypersurface.
The unit “outward” normal vector to M is well defined: it is a section C of the normal
bundle such that G(x)(Cyx, Cyx) = 1 and G(x)(Cy, Xx) = 0 for all x in M, and all tangent
vector X, to M at x. Since G (J,Cy, Cy) = Gx(szCx, JiCx) = =G (Cy., JxCy), we see
that G, (J,Cy, Cx) = 0, hence J,C, is tangent to M. We thus have defined a vector field
& on M such that

(P*E)x = —JXCX9 (213)
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which is called the characteristic vector field of the hypersurface M [3]. For any vector field
X on M, we let n(X) be the norm of the projection of Jp, X onto the C-direction, i.e.

n(X) = G(C, Jp«X). (2.14)

Therefore Jp, X — n(X)C is tangent to M. We have thus defined a vector field ¢ X such
that

Px(@X) = Jou X — n(X)C. (2.15)

The 1-form 7, the vector field &, the 1-1 tensor field ¢, and the restriction g = p*G of the
metric G to M satisfy the following identities:

ne) =1, (2.16)
¢& =0, 2.17)
¢*X = —X + n(XE, (2.18)
g(X,Y) =g@X, ¢Y) + n(X)n(¥). (2.19)

As a consequence of (2.15), (2.16) and (2.19), we have
no¢=0; g(X., &) = n(X). (2.20)

The two skew symmetric forms: 2(X,Y) = G(X,JY)on P and (U, V) = g(U, ¢V)
on M have maximum rank. Hence the kernel of @ is 1-dimensional and is spanned by &.
Moreover, p*§2 = ¢. We have:

nAD"£0, 21)
p*li(C)2] = n. (2.22)

If now we assume that £2 is closed (i.e. a symplectic form) and that C is Liouville, then
n is a contact form.

Now suppose we have a hyperkaehler manifold (P4”+4, G, v, J2, J3) and let p:
M4+3 . p4ntd be a hypersurface such that the unit normal vector field along M is
Liouville for the three symplectic forms £2; (X, Y) = G(X, J;Y), i = 1,2,3,ie. L¢c$2; =
A;82;. Then the 1-forms n; are contact forms and we have

dni = pip*2 = u;i @, (2.23)

where u; = (A; o p).

Lemma 2.4. Suppose that uy = pu» = U3 = W is a constant, then the contact forms
(a1, a2, @3), where a; = (1/u)n;, are a hypercontact structure.

Proof. We have the three vector fields & defined by p.& = —JiC, the three 1-forms
Nk defined by n«(X) = G(C, Jip«X) and three 1-1 tensor fields ¢ defined by p,¢r X =
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Jipe X — ni(X)C. We are now going to prove that the triplet (nx, ¢, &) satisfy conditions
(2.4)-(2.9) of the definition of a hypercontact structure.

The hypothesis of the lemma guarantees that condition (2.9) holds. Condition (2.8) was
verified by construction: it is the identity (2.19) in the Tashiro construction. To verify (2.4),
we write

ni(€j) = G(C. Ji(p«§j) = —=G(C, Ji J;C) = §j;.
To check (2.5), we write
Ni(@;X) =G(C, Jipsd; X) = G(C, Ji(Jjps X — n;(X)C))
=G(C, JiJjpX) — 1j(X)G(C. J;C)
=G(C. €k JkpsX) = €ijam(X).

To verify (2.6), just observe that p4(¢:&;) = Ji(ps§;) — 1 (§)C = —J; J;C — §;;C. The
only non-trivial relation is (2.7). For i = j this is the relation (2.18) in the Tashiro construc-
tion. We verify that

102X = m(X)E + d3X,

and let the reader establish the other relations by circular permutations.

Px(@192X) = Ji(px2X) — 01 ($2X)C
= Ji(20+X — m(X)C) - m(X)C
= J1120: X + m(X)p:51 — m(X)C
= (J30x X — m(X)C) + m(X) &)
= px(@P3X + n2(X)&1).

The proof of the lemma is now complete. |

Example 2.5. Let P = R¥ = R* x R* x .. x R*and Jix = (Jk, ..., Jk), where Ji are
the following complex structures on R*:

J101 = 92, J103 = 04, Jr0) = 03,
J207 = 04, J30y = —da, J30p = 93.

Let G be the standard dot product on R¥ . Then (P.G, Ji,i = 1[,2,3)isa hyper-
kaehler manifold. The sphere $*~! is the set f~'(1) where f(x) = |x|*. Let C be
half the gradient of f. Then C is a Liouville field with Lc2x = 2£2;. By the lemma,
the 1-forms n; and o = %nk are contact forms and (o, 2, 3) are a hypercontact
structure.
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Writing points in R as (x’l' , xé, xé, xi);=1w,,,, the contact forms «; read:

n
o) = Zx’z dx] — xj dxj + x5 dxj — x3dxy,
i=1
n
oy = Zx§ dx) — xy dx3y + x5 dxy — x5 dx;,
i=l1
n
a3 = szli dx| — xj dxj + x5 dx; — x5 dx3.
i=1

3. Instantons

An SU(2) bundle w : M — S* over S* is determined by an integer &, which is the
degree of the transition map of two sections defined over U, V where U = $* — {p} and
V = §* — {g}. The transition is a map from U NV = $3 into SU(2) = $°. Self-dual
and anti-self-dual connections on an SU (2) bundle over $* with characteristic integer k
are called k -instantons and anti-instantons. These are the minima of the Yang—Mills func-
tional. See Atiyah’s collected work [1] for a comprehensive foundation of gauge theory.
Atiyah-Drinfeld—Hitchin—-Manin (ADHM) gave a complete construction of instantons [1].
For k; = 1 they proved that any 1-instanton is gauge equivalent to an instanton « such that
w*a = A(x) is given by the following expression:

*o = Im (x —a)dx
o= M4+x—a?)

where a € H is a quaternionic parameter and X is a positive real number, and i : R* — §’
is the following section over $4-1(0,0,0,0, 1) = R4

(x, 1)
L+ 7
The instanton corresponding to the case a = 0, A = 1 is called the basic instanton. Its
potential is

xdx

Anti-instantons have exactly the same description, modulo putting the bars over x’s instead
of dx’s. Geometrically, this corresponds to a change of the orientation of the bundle.

First a review of some quaternionic notations. The field H of quaternions is the set
[x = x1 + x2i + x3) + xsk,x; € Ry wherei? = > = k> = —l and ij = —ji = k;
jk = —kj = i; ki = —ik = j. We naturally identify H with R* and with C%. Writing x = x;+
x2i+x3j+x4k = z1 +22j where 7| = x1+x3i, 22 = x3 +x4i establishes an identification of
H and C2. The conjugate X of a quaternion x is x| —x2i—x3j—xsk and x¥ = ¥x = |x|%. Also
H can be viewed as the set of 2 x 2 complex matrices: x = z; +z2j corresponds to the matrix

21 22
-2 /)’

ux) =
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the determinant of which is the square norm of x. Therefore SU (2) is the group of norm- |
quaternions, i.e. a sphere S°. Its Lie algebra su(2) is the set of skew hermitian matrices with
zero trace. The Pauli matrices

(10 (0 1 (0
'=lo i) 27\ o) T\ oo

form a basis of su(2). Their commutation relations are
[t1. 2] = 213, [11, 13] = 212, [t2, 13] = 271.

Hence su(2) is isomorphic with the imaginary part {x21 + x3j + x4k} of H: we identify
71 with i, 72 with j and 73 with k.

Now §7 = {(p.q) € H?, |p|> + |g|? = 1}, and §* is the H projective line, i.e. the set of
equivalence classes [p, ¢] of elements in H? — (0}: (p. q) ~ (p'. ¢ iff p =rp’. g = rq’
for some r € H — {0}.

The bundle map 7 of the tautological bundle 7 : S7 — S assigns to (p, q) € S7 the
equivalence class [p, g] € S*. This is a principal SU(2) bundle with Pontryagin number
k = +1. It is easy to see that

a(p.q) =Im(pdp + qdg)

is a connection such that

xdx
* =I — ],
e m<1+|x|2>

where @ : R* — S7 is the section over $* — (0,0, 0,0, 1) ~ R*:
(x, 1)
(+ 17
In other words, « is the basic instanton [1]. See [13, pp. 100-104].

Setting p = x| +x21+x3j+x4K, ¢ = y1+y21+y3)+yak, and o = (or))i4(@2)j+(@3)k,
we have:

ulxy =

o) =x2dx; —x1dxz2 + x3dx3 — x3dxg + y2dyr — yidys + vadys — y3dys,
oy =x3dx) —xpdxg + x2dxg —xgdxy + y3dy; — yydys + yvadys — yadya,
a3 =x4dx) —x;dxg + x3dxp —x2dx3 + yady; — yydys + y3dy2 — y2dy3.

These forms are exactly those we constructed before by the “hyper” Tashiro construction,
and we showed they form a hypercontact structure.
Therefore, we have given a direct proof of the following result (see also [4]):

Theorem 3.1 (Geiges—-Thomas [8]). The components of the basic instanton form a hyper-
contact structure on S’

Let us now give a brief invariant description of instantons following [7] or [14]. Let
ns7 be the H-bundle associated with the tautological principal bundle 7. Let D be the
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connection induced on 744 by the connection a. The double cover SL(2, H) of the group
SO(5, 1) of conformal transformations of §% acts on ng4. Since the Yang-Mills equations
are conformally invariant, the induced connection g* D, for g in SL(2, H), is self-dual. A
difficult theorem of Atiyah et al. [1] asserts that we get this way all the gauge equivalences
of instantons. The formulas for instantons we wrote before are nothing else than the local
description of this fact. Since SU(2) acts freely on 547, each connection g* D comes from
a unique connection a, on the principal bundle [15]. These are the instantons we consider
on S’

The main result of this paper is the following generalization of the Geiges—Thomas
theorem.

Theorem 3.2. The components of any 1-(anti) instanton form a hypercontact structure
7
onS’.

Remark 3.3. We insist that this theorem is not trivial. Indeed, although we proved that the
components of « form a hypercontact structure, this does not imply that the components of
a, form a hypercontact structure as well. Observe that the group SL(2, H) does not act on
57, hence a, is not the pull-back of some connection on 7 by a diffeomorphism of s7.

Theorem 3.2 is a consequence of the following generalization of a result of [4].

Theorem 3.4. Let m: P — M be a principal SU(2) bundle and « a connection with
curvature 2 and let a;, §2;, i = 1, 2, 3, be the components of « and 2 along the Pauli ma-
trices (basis of su(2)). Suppose there is a family of sections o; : U; — P trivializing
the bundle (here {U;} is an open cover over which the bundle is trivial), and smooth
nowhere vanishing functions v; on U; such that {vjoj.“Qi}, i = 1,2,3, form a hyper-
kaehler structure on Uj, then {1, o2, a3} form a hypercontact structure on P.

In [4, Theorem 2]} we only proved that the three forms {«;} are contact forms. Here we
show how to put together an underlying hypercontact structure. This hypercontact structure
happens to be defined canonically by the connection.

Proof of Theorem 3.4. We need to recall some notations and part of the proof of Theorem
2 of [4].

Let {U} be a trivializing open cover like in the hypothesis of the theorem, and leto : U —
P be a section and v a smooth nowhere zero function on U such that {w; = va*$2;}, i =
1, 2, 3, form a hypersymplectic structure, i.e. there exists a riemannian metric g on U, three
almost complex structures J; on U satisfying the quaternionic identities (see definition
above) and such that g(J; X,Y) = w;(X,Y)and go J; = g.

We denote by H C T (P) the horizontal space, i.e. the kernel of & and by G = m*g the
pull-back of the metricgon Py = & —1(U).If X is a vector field on P, we denote by Xy, its
horizontal component. If X is horizontal, then (o, (. X))y, = X and 2(Xy, -) = 2(X, -)
since £2 vanishes on vertical vectors.
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Let now X, Y be two horizontal vector fieldson P ato (x),x € U:

i (NX, Y) = £2; (0 (x)) (047 X ), (047 Y 1)
= 2 (0 (x))(0xT: X, 0474 Y)
=(0*2))(X) (. X, m.Y)
=(1/v)g(im X, . Y).

This shows that £2; are non-degenerate at H, (), x € U, since m, is an isomorphism
between the horizontal space at ¢ (x) and the tangent space at x € U.

Any other point p € Py has the form p = o(x) - a = R, (o (x)) for some a € SU(2).
If X, is a horizontal vector field at p = o (x) - a, i.e. X, € Hp. then X, = (Ry)«Xo(x).
Hence for X,. Y, € H,, we have

2(p)(Xp, Yp) = 2(Ra (0 (X)) (R)+Xo (%), (R)xYo(x))
= (R;-Q)(O'(x))(xrr(,r)» Yo(x))-

But the curvature form satisfies R} 2 = ad,-1(2) = af2a”'. Let (14;;) be the matrix of
ad,— : su(2) — su(2) within the basis 1, 12, 3, then:

3

2i(P)Xp, Yp) =Y 11 2j(0 () (X (), Yorn)

j=1
3
= uij(1/v)gUmX, m¥) = (1/)g(®ime X, 1Y),

j=1

where @; = 2)3:1 wijJj. Since ad,-1 preserves the natural inner product: (m,n) =
—%tr(m.n), the matrix (u;;) is an orthogonal matrix. This implies that the 1-1 tensors
defined on U satisfy the quaternionic identities since the J;’s did. In particular they define
complex structures on U depending on a € SU(2). The equation

Q2:(p)(Xp. Yp) = (1/v)8(Pime X, 74Y) (3.1)

shows that £2; are non-degenerate at the horizontal distribution at o (x) - a.
Furthermore, since the metric g over U was compatible with the complex structures J;,
i.e. g o Ji = g, and since (;;) is an orthogonal matrix, we must have

8(P: X, DY) =g(X,Y) (3.2)

for all horizontal vector fields X, Y.

Let us now check that the mappings de? : TP — T*P defined by: da’(X)(Y) =
do; (X, Y) map bijectively H to H*. It is sufficient to check that do; (X, &) = O for all &
and all sections X of H. The structural equation says that £2; = do; + o; A .

Hence

da; (X, &) = (2; —aj Aa)(X, &) =0,
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since i(£;)$2; = 0, & being a vertical vector field and «;(X) = 0 since X is horizontal.
We can now define three endomorphisms of H as follows:

¢1 = —(dad) ! o (da?), (3.3)
¢2 = —(dad) ™! o (dad), (3.4)
¢3 = —(da?) 7! o (da). (3.5)

These three endomorphisms satisfy the quaternionic identities. Indeed, we saw that over
each open set U, the forms §2; were given by (3.1). Hence over that open set, &; =
(g2)7" o (da;)?, where g, stands for the metric (1/v)g inEq. (3.1) and g% : TP — T*P
is gf, (X)(Y) = gu,(X, Y). Consequently, we see that the only locally defined ¢i_1 o®; =
((da)”) "o gh) (((g5)™") o da?) coincides with the globally defined (der?) ™' o da?. Since
the locally defined object satisfy the quaternionic identities on H so do the endomorphisms
¢;. Now we define a metric on H by setting

g’ =(da}) o' = (dad) o gy = (dah) 093" (3.6)

This is positive definite since it is so over each open set where it is equal to g,. We now
extend ¢; and g in the vertical direction by

@i (§;) = €ijuée, g, &) =i, g(X,5)=0 3.7

for any horizontal vector field X. Finally, we get the three 1-forms 7, by setting
(X)) = g(X, ). (3.8)

Let us now verify that the set (o, n«, &, ¢, ) verify the conditions (2.4)—(2.9) (with
the same notations), so the set (], a3, @3) form a hypercontact structure.

Conditions (2.4) and (2.5) come straight from (3.7) and (3.8). Condition (2.9) results from
(3.2) and the definition of g in (3.6). Condition (2.6) and (2.7) are immediate if we compute
both sides of the equations on vertical and horizontal vector fields. Condition (2.8) is less
trivial. Let us verify it. Any vector field X decomposes as X = Xy + b &) + b2&x + b3&3,
where Xy is horizontal and a; = g(X, &) = n;(X). Now if Y = Yy + b| + by + b3, then
8(X,Y)=g(Xun, Yn) + a1b1 +axby + a3b3. Since ¢1 X = ¢ Xy + a&3 — az&y, we have
g X, ;1Y) = g1 Xu, ¢1Yn) + a2by + asbs. By 2) g(¢1 Xu, ¢1Yn) = g(Xu, Yn).
Therefore,

g X, 1Y) =g(Xn, Yu) +axbr +azbs = g(X,Y) —arb
=g(X,Y) —mX)m(Y). 3.9)

This proves (2.8) for i = 1, but exactly the same argument works for i = 2, 3. The proof
of Theorem 3.4 is now complete. m]
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4. Remarks

(1) Egs. (3.3)—(3.7) show that the hypercontact structure (ok, 7k, &k, ¢« &) is canonically
determined by the connection «. Recall that the vector fields & are the fundamental
vector fields defined by the Pauli matrices (basis of su(2), see [4]).

(2) In Theorem 3.4 we have dealt with the problem of showing that three contact forms
are a hypercontact structure in a very special case. The general problem to show that
three contact forms are a hypercontact structure seems very elusive. Geiges and Thomas
have proved the existence of three linearly independent contact forms on any compact
2-connected 7-manifold [9]. It is an open question whether these form a hypercontact
structure. In the next section, we give a necessary condition for three contact forms to
form a hypercontact structure: they must represent equivalent contact structures.

(3) In the definition of a hypercontact structure the ingredients are tied up with strong
relations. This suggests that they are not independent. For instance it is well known
that in case of hyperkaehler manifolds (the even dimensional version of hypercontact
structures), the riemannian metric is determined by the kaehler forms, which also de-
termine the three complex structures. We just proved that in the hypercontact case, the
riemannian metric is determined by the three contact forms, and so are the restrictions
of the endomorphisms ¢; to the horizontal distribution.

(4) Also any linear combination of the three kaehler forms is again a kaehler form. If they
had the same cohomology class, they would be all equivalent by Moser’s theorem [14].
In [4], we proved the following result.

Theorem 4.1. Let {(ay, @2, @3), (¢i, Ei, ni)i=1.2.3} be a hypercontact structure on a rie-
mannian manifold (M, g) such that a;(§;) = 0,Yi # j. Then the three contact forms q;
represent equivalent contact structures.

Corollary 4.2. Suppose the Reeb fields of three contact forms on a 3-dimensional mani-
fold parallelize it. Then the three contact forms represent equivalent contact structures. In
particular the Reeb fields of three contact forms on a 3-manifold, one of them being tight
and another being overtwist, are not everywhere linearly independent.

Proof. Indeed, on a 3-manifold, three contact forms, with Reeb field everywhere linearly
independent form a hypercontact structure [9]. a

Corollary 4.3. A necessary condition for three contact forms a; with Reeb fields &; such
thatw; () = 0,¥; # j, to be a hypercontact structure is that these contact forms determine
equivalent contact structures.
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